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Duffing’s equation with a negative linear stiffness is investigated. A harmonic balance
technique coupled with a continuation scheme is utilized to trace the system response to
changes in the magnitude of the applied harmonic forcing. With the aid of Floquet theory,
the stability of the resulting solutions is ascertained. The use of the analysis technique
described herein allows for the identification of previously undetected strange attractors
that coexist with the stable period one solutions. These results explain the discrepancies
between the observed and theoretically predicted levels of applied loading required for
chaotic motion.
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1. INTRODUCTION

The dynamic response of Duffing’s equation to harmonic forcing has been studied in a
large number of papers, in an effort to understand the parameters surrounding the onset
of chaotic response. Holmes [1] studied Duffing’s equation with a negative linear stiffness
as a single-mode model of a buckled beam undergoing forced lateral vibrations. For
normalized parameters, the equation is expressed as

ẍ+ gẋ− 1
2x(1− x2)=F sin vt. (1)

For the case of F=0, the equation has three static equilibrium positions, x=21 and
x=0. It can be shown that the non-zero equilibrium positions are dynamically stable and
the center, x=0, equilibrium position is unstable with respect to infinitesimal disturbances
[1]. Linearizing the equation of motion about the stable, static equilibrium states of
x=21 results in a second order system with natural frequency v0 =1.

Dynamically, equation (1) is globally stable, in that after a sufficient passage of time,
all solutions enter and remain within a bounded region of the x–ẋ phase space [2]. Thus,
the system has at least one attractor. The character of the dynamic response to harmonic
excitation is dependent on the magnitude of the applied load. For small levels of excitation,
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there are attracting periodic orbits encircling the stable equilibrium positions. For other
system parameters remaining constant, the size of the periodic orbits are dependent on the
magnitude of the applied load. Additionally, a saddle-type periodic orbit exists that passes
through the unstable equilibrium position. For large values of the applied load, the motion
encircles all of the equilibrium positions. In between these values of applied loading, there
are regions of period-doubling behavior, the period of the response being half that of the
excitation, and chaotic motion occurs. Investigators have used the term ‘‘strange attractor’’
to denote these types of bounded, chaotic non-periodic solutions of deterministic,
non-linear differential equations.

The birth of the strange attractor is theoretically connected to the intersection of the
stable and unstable orbits in the phase space. After the technique of Mel’nikov [3], Holmes
[1] derived a critical force level, at which the intersection of the stable and unstable solution
manifolds is expected to occur. For equation (1), this can be expressed as

FM =
gz2
3pv

cosh 0pv

z21. (2)

This critical force would correspond to a necessary condition for chaotic motion, and will
be subsequently referred to as the Mel’nikov force value.

Since the presentation of that equation, researchers have attempted to verify its
accuracy, determine the physical events surrounding the initiation of chaotic behavior, and
provide insight as to the character of chaotic behavior. Moon and Holmes [2] used a steel
cantilever beam buckled by the influence of magnets at the free end to experimentally verify
the behavior of Duffing’s equation. For many combinations of the values of the forcing
amplitude and frequency, a boundary was experimentally determined at which chaotic
motion was first observed. Additionally, certain values of the forcing amplitude and
frequency resulted in transient chaotic motion, defined as chaotic motion that eventually
settled to periodic motion. It was found that the predicted chaos boundary from equation
(2) was a good indicator of transient chaotic motion. Sustained chaotic motion occurred
for significantly higher values of the forcing amplitude than that predicted by equation (2).

Dowell and Pezeshki [4] performed a detailed study of Duffing’s equation. By
numerically integrating equation (1) starting from many sets of initial conditions, a
zero-region boundary was defined in the x–ẋ phase space. This region corresponded to
the region of the phase space in which the motion from a given set of initial conditions
never crossed x=0. For the case of forced response, numerical integration was used to
plot the trajectories for several values of the magnitude of the applied loading. For the
values of g=0·168 and v=1·0, two-period motion was found to occur at F=FP =0·177,
and was assumed to arise from a bifurcation in the solution. This value of forcing
amplitude will be termed the nominal period-doubling force. Further period-doubling
behavior was observed, and chaotic motion was first observed for F=FC =0·205,
subsequently referred to as the nominal chaos force, a value significantly higher than that
predicted by equation (2), FM =0·1176 [5]. It was observed that at force levels slightly
below the first observed occurrence of chaos, the above-described zero region boundary
was crossed by the solution trajectories. As a result, it was hypothesized that the crossing
of the zero-region boundary corresponded to a minimum value of forcing magnitude to
cause chaos. Additionally, the first observance of chaos for various values of the applied
forcing magnitude and frequency were found, again using numerical integration. The
results suggest that regions of chaotic response lie in fragmented regions of the
force–frequency plane. Indeed, this has been shown to be true by Moon [6].
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Pezeshki and Dowell [5] furthered their study by developing basin-boundary maps for
equation (1). These maps were developed for a given set of system parameters by
numerically integrating the equation of motion until the transients for a given set of initial
conditions dissipates. By observing which static equilibrium position the resulting steady
state motion encircles, a domain of attraction is defined for each of the stable static
equilibrium positions. The boundary between the domain of attraction is termed the basin
boundary. Below the Mel’nikov force value from equation (2), FM =0·1176, it was found
that the basin boundaries are smooth. For force values above the Mel’nikov value, the
map becomes more complex, indicating fractal behavior. This signifies a decrease in the
ability to predict the final state of the system given the initial conditions and system
parameters. As the magnitude of the applied load was increased to the level of chaos
observed in their previous work, FC =0·205, the basin boundary map becomes more
diffuse, implying that the final state of the system is unknowable for any set of initial
conditions. Even though time traces of this behavior appear to have no order, phase
portraits of Poincaré maps show a complicated but repeated structure [7].

Additionally, transient time maps [5] have been constructed for equation (1). These maps
record the number of periods of the applied forcing required for the transients to decay
for a given set of initial conditions. Behavior similar to that described above was observed
in the neighborhood of the Mel’nikov force value. Additionally, for F=F0 =0·13,
subsequently termed the observable chaos boundary, a certain percentage of the initial
conditions never converged to a steady state response while others converged to period
one responses. This suggests that a chaotic attractor exists for this force level.
Consequently, initial condition maps, corresponding to recording the initial conditions
that result in unconverged solutions, were also plotted for the same ranges of forcing. The
first occurrence of non-converging solutions was found at a level slightly above the
Mel’nikov force level, FM =0·1176. The percentage of unconverged solutions rapidly
increased after the forcing amplitude reached the nominal period-doubling boundary,
FP =0·177, until the nominal chaos boundary was reached, FC =0·205. At this load value,
all of the initial conditions result in unconverged solutions.

As another explanation for the conditions required for observing chaotic response in
equation (1), Dowell and Pezeshki [8] found that the stable limit cycle about x=1 and
the unstable limit cycle about x=0 intersect at an applied load very close to the nominal
chaos force level observed using numerical integration, FC =0·205. Thus, it is stated that
the intersection of the stable and unstable limit cycles is a necessary and sufficient condition
for the occurrence of steady state chaos.

In summary, for a forcing frequency of v=1·0, the Mel’nikov force value, which
predicts the crossing of the stable and unstable manifold solutions, is FM =0·1176. The
lowest observed force amplitude value for chaotic motion is FO =0·13. However, chaotic
motion occurred only for select sets of initial conditions. The nominal period-doubling
force is FP =0·177, and the nominal chaos force is FC =0·205, each of which correspond
to the only observable response for the given force value for any sets of initial conditions.
The discrepancy in the above values points to the existence of more than one type of
attractor for a given value of forcing, especially for values of the applied loading in the
neighborhood of the Mel’nikov force value. Leung and Fung [9], utilizing a type of
harmonic balance method, have demonstrated that varying the frequency of the applied
load results in turning points in the amplitude–frequency response curves, with multiple
steady state periodic solutions. The results presented above point to the fact that this would
also be true for the case of a fixed frequency and variable force amplitude. Additionally,
the construction of a bifurcation diagram that traces the response variation as a function
of the applied loading can provide insight into the characteristics of the various solution
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trajectories. The location of the solution bifurcations and subsequent new solution paths
can be found by analyzing the stability of the solution path. The resulting portrait of
periodic solutions for a range of loading should help explain the above discrepancies in
the theoretically predicted and the experimentally and numerically observed chaotic
behavior.

2. ANALYSIS TECHNIQUE

In order to determine both stable and unstable periodic solutions to Duffing’s equation,
the harmonic balance method is employed. The harmonic balance technique results in the
non-linear differential equation of motion being solved using a set of non-linear algebraic
equations. The application of the technique begins by writing the equation of motion (1)
as

ẍ= f(ẋ, x, t), (3)

where, for Duffing’s equation

f(ẋ, x, t)=F sin vt−(gẋ− 1
2x(1− x2)). (4)

Since the equation of motion contains harmonic forcing, it is appropriate to investigate
periodic, steady state solutions. Thus, the solution of equation (3) can be written in the
form of an mT periodic solution as

xmT(t)=C0 + s
N

j=1

Cj/m cos 0j 2p

mT
t+cj/m1, (5)

with its time derivatives expressed as

ẋmT(t)= s
N

j=1

− j
2p

mT
Cj/m sin 0j 2p

mT
t+cj/m1, (6)

and

ẍmT(t)= s
N

j=1

−0j 2p

mT1
2

Cj/m cos 0j 2p

mT
t+cj/m1. (7)

Here, the fundamental period is T=2p/v, where v is the frequency of the applied
harmonic forcing, and m is an integer corresponding to the ratio of the period of the
external forcing to be period of the response. This representation allows periodic solutions
other than those of the fundamental period to be found. Cj/m and cj/m are unknown Fourier
coefficients and phase angles that satisfy the equation of motion (3).

Since all terms on the right side of equation (4) are periodic, f(ẋ, x, t) can also be
expressed as a Fourier series. Thus,

fmT(t)=F0 + s
N

j=1

Fj/m cos 0j 2p

mT
t+fj/m1. (8)
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Substitution of equations (7) and (8) into the equation of motion (3) and balancing the
coefficients of each of the harmonic terms produces the desired set of non-linear algebraic
equations:

F0 =0, Fj/m cos fj/m =−0j 2p

mT1
2

Cj/m cos cj/m,

Fj/m sin fj/m =−0j 2p

mT1
2

Cj/m sin cj/m, (9)

with the Fourier coefficients and phase angles, Cj/m and cj/m , of the periodic response as
the unknowns. Note that Fj/m and fj/m are functions of Cj/m and cj/m through the
relationships shown in equations (5)–(7). Equations (9) can be solved with the aid of a
non-linear algebraic equation solver. Unlike numerical integration, the method allows for
convergence to unstable solutions.

The solution to equations (9) proceeds as follows. First, the system parameters under
consideration are selected. Next, an initial guess for the Fourier coefficients and phase
angles Cj/m and cj/m is required. For system parameters resulting in a weakly non-linear,
stable response, these can be easily obtained by numerically integrating equation (3) until
the transients have decayed, and taking a Fast Fourier Transform (FFT) over one period
of the response to determine Cj/m and cj/m . It is worth noting that systems exhibiting strong
non-linearities often have a nearly linear response under conditions of low excitation levels.
Such a case can be used for a starting solution, and the applied loading can be increased
as subsequent solutions are found.

By utilizing a non-linear equation solver, the solution proceeds. Using the guesses of Cj/m

and cj/m , a time history of f(ẋ, x, t) can be easily generated. By selecting a point in time
and determining x(t) and ẋ(t) from equations (6) and (7), f(ẋ, x, t) can be calculated using
equation (4) for a given point in time. This can be repeated for an entire period of the
applied harmonic load. An FFT algorithm can be used to generate the Fourier coefficients
and phase angles, Fj/m and fj/m , from the time history of f(ẋ, x, t). Equations (9) can be
checked for equivalence, and adjustments to the values of Cj/m and cj/m can be made. A
new time history of f(ẋ, x, t) is determined, resulting in new values for Fj/m and fj/m .
Equations (9) are checked for equivalence, and the process is repeated until the system
converges. Since it is desired to study the effect of the magnitude of the applied load on
the system response, this value is systematically varied for subsequent solutions. The
previous solution can be used as an initial guess for the subsequent iteration.

As stated above, the results of this parametric variation is expected to yield turning
points in the relationship between the magnitude of the applied load and the response
amplitude. Using the value of the magnitude of the applied load for an incremental
parameter, DF, is therefore not feasible. The path shown in Figure 1 represents a solution
branch for the equation of motion. The points k and k−1 represent solution points
determined from the harmonic balance technique. As shown in Figure 1, at a turning point
in the solution, the harmonic balance technique would try to find a solution in the
neighborhood of point p, where none exists. Thus, a new set of initial guesses for Cj/m and
cj/m would be required that would allow for moving along the upper portion of the branch.
Here, using numerical integration may not be of assistance, as the close proximity of the
upper and lower sections of the solution branch would make it difficult to find the correct
set of initial conditions to converge to a given section of the branch. Additionally, as will
be shown later, this type of turning point corresponds to a loss of stability along the
solution path. When using a numerical integration technique that is unconditionally stable,
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there is no hope of finding a set of initial conditions that would converge to the unstable
branch. Consequently, a continuation scheme [10] can be utilized to trace the solution
trajectories. Instead of proceeding along the solution path using one of the physical
parameters of the system, the arc length of the solution path is used as the control
parameter.

Adding the arc length along the solution path as the control parameter allows for the
applied load F to be treated as one of the unknown variables, assuming any value required
to satisfy the system of equations. Since another unknown is introduced into the system
of equations, a relationship between the control parameter of arc length and the unknowns,
Cj/m and cj/m , and F is required. Defining incremental arc length, Ds, as the control
parameter, the additional equation is written as

Ds2 = (F−F k)2 + s
2N+1

i=1

(bi − bk
i )2, (10)

where the values with the superscript k refer to the last known solution and the values
with no superscript refer to the latest available estimate of the solution. Here, F is the
magnitude of the applied load, and the bi are the elements of the vector b� of length 2N+1
that contains the Fourier coefficients and phase angles of the solution:

b�=[C0, C2, C3, . . . , CN , c1, c2, c3, . . . , cN ]T. (11)

Note that the applied load, F, is now an unknown.
The solution strategy can be implemented by employing a predictor–corrector technique.

Two sets of Fourier coefficients and phase angles representing solutions to the equation
of motion (3) for two values of the applied load can be found by the harmonic balance
technique described above. These are used to calculate a predictor value, point p in Figure
1. For the case of the linear predictor, the predictor value can be written in terms of the
two known solutions as

b
p
i =2bk

i − bk−1
i and Fp

i =2Fk
i −Fk−1

i , (12)

where the superscripts k and k−1 refer to values corresponding to the two previously
determined solutions, the superscript p refers to the value of the predictor, and the
subscript i refers to the Fourier coefficient. Using the predictor values as an initial guess
to the solution, the non-linear equation solution routine outlined above is used to

Figure 1. A typical solution trajectory.
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simultaneously solve equations (9) and (10) for the unknown load, F, and the Fourier
coefficients and phase angles of the response b� . The newly found values of F and b� are
saved to be used in equation (12) for future predictor steps. The process is repeated until
the desired range of parameters is investigated. Thus, it is seen that utilizing the
incremental arc length as a control parameter allows the load, F, and the Fourier
coefficients and phase angles, b� , to assume any values necessary to satisfy the equilibrium
relations. This allows solution branches and turning points of both stable and unstable
solutions to be systematically traced.

In certain cases, the solution may approach limit points in the solution space. In this
case, scaling the parameters can aid the convergence of the solution [10]. For the case
above, a scaling factor can be calculated as

s=$ s
2N+1

i=1

b2
i %

1/2

>F. (13)

Equation (10) in scaled form then becomes

Ds2 = (F−F k)2 + s
2N+1

i=1 0bi − bk
i

s 1
2

, (14)

where bk
i and F k refer to the previously converged solution, and bi and F refer to the latest

estimate of the solution.
Utilizing the above-described combination of harmonic balance and continuation

techniques, the solution of the equation of motion can be represented by the coefficients
of the Fourier series of u as a function of the applied load, F, and forcing frequency, v.
In analyzing the fundamental response trajectories, ten coefficients (C0, C1, . . . , C10) and
the associated phase angles (c0, c1, . . . , c10) were included in the solution process.
Similarly, for the construction of subharmonic solution trajectories, the same ten
coefficients and phase angles representig the fundamental response were included, along
with the intermediate coefficients (C1/2, C3/2, . . . , C19/20) and phase angles (c1/2, c3/2,
. . . , c19/20) representing the subharmonics. Typically, only the first three or four coefficients
are required to characterize the solution.

The above techniques yield both stable and unstable solution branches; therefore, it is
desirable to determine the stability of the periodic solutions found. The stability of the
solutions is determined through the application of Floquet theory [11]. The general form
of the equation of motion (3) can be written in first order form as

ż1 = ẋ, ż2 = z̈1 = f(ẋ, x, t). (15)

Linearizing equation (15) about the periodic solution xmT(t) gives

ẏ=A(t)y, (16)

where

y=6z1

z27, (17)

and the terms of A(t) are defined as

Aij =[1żi/1żj ]x(t)= xmT(t). (18)

Thus, it is seen that A(t) is an mT-periodic matrix in time.
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The solution of equation (17) after n periods of time can be written as

y=t= nmT =Mny0, (19)

where M is the monodromy matrix [12]. The monodromy matrix is constructed by solving
equation (17) using initial conditions of y=[1, 0]T and y=[0, 1]T, resulting in the state
vectors ŷ1

mT and ŷ2
mT . Thus, the monodromy matrix is expressed as

M=[ŷ1
mT ŷ2

mT ]. (20)

Stability is easily ascertained for a given periodic solution using the eigenvalues, or
Floquet multipliers, of the monodromy matrix. Since the Floquet multiplers may be
complex quantities, their values are represented by a point in the real–imaginary plane.
When the Floquet multipliers for a given periodic solution fall inside the unit circle, the
periodic motion is stable. The opposite is true for periodic solutions resulting in Floquet
multipliers with magnitudes larger than one. The Floquet multipliers also aid in
identification of the various bifurcation points found in the solution space. As the stability
along a given solution path is examined, the value of the Floquet multipliers will pass in
and out of the unit circle along the real axis. Thus, any change in stability along a solution
path occurs when the system parameters are such that the periodic solutions result in
Floquet multipliers with values of 21. For the case of the periodic solutions producing
Floquet multipliers with a value of 1, there exists a bifurcation and resulting change in
stability. The particular type of bifurcation is dependent on the non-linear terms in the
equation of motion. A passage of the Floquet multipliers through −1 indicates the
existence of a period-doubling bifurcation, where the stable period one (1T) solution
branch becomes unstable, and a new, stable period two (2T) solution branch emerges.
Guckenheimer and Holmes [13] provide a detailed discussion of stability theory.

3. RESULTS

Utilizing the above-described combination of harmonic balance and continuation
techniques, the solution of the equation of motion can be represented by plotting the
coefficients of the Fourier series of x(t) as a function of the applied load, F. The stable
results were verified using numerical integration. In Figure 2 are shown the zero-, quarter-,
half- and first order coefficients of the Fourier series as a function of the applied load.
Selected details for the first order coefficient are shown in Figure 3. The solid lines represent
solution trajectories determined to be stable by the Floquet analysis, and the dashed lines
represent solution trajectories determined to be unstable by the Floquet analysis. Although
other harmonics contribute to the solution of the equation of motion, the ones shown are
sufficient to describe the qualitative characteristics of the solution. In all cases, harmonics
up through C5 were carried in the solution. In Figure 4 are shown phase-plane plots for
various locations along the solution trajectories shown in Figure 2.

In interpreting the results shown in Figures 2 and 3, it is noted that for small values
of the applied load F, two solutions exist, one stable, and one unstable. The stable solution
corresponds to C0 being non-zero. Two stable solutions exist, one about each of the stable
static equilibrium positions. The particular response would be dependent on the initial
conditions imparted to the system. This motion is asymmetric in the x–ẋ phase plane. For
the case of C0 being equal to zero, the motion is a symmetric, unstable limit cycle about
the unstable equilibrium position of x=0. The symmetric solution branch exists for the
entire range of the applied loading. These types of responses are those expected according
to the theoretical and experimental work by Moon and Holmes [2], and coincide both
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Figure 2. Selected Fourier coefficients for the periodic sloution to Duffing’s equation. (a) The zero-order (mean
value) component, C0; (b) the fundamental component, C1; (c) the half-order (2T-period) component, C1/2; (d)
the quarter-order (4T-period) component C1/4. , Stable: – – –, unstable.

qualitatively and quantitatively with the results of Dowell and Pezeshki [4, 5, 8] described
above.

The first bifurcation in the asymmetric solution branch occurs at F=0·176, point A in
Figures 2 and 3(a). A change in stability is signified by one of the Floquet multipliers
passing out of the unit circle along the neative real axis. Thus, a period-doubling
bifurcation is encountered, and a period two, 2T, solution is born. This coincides with the
Fourier coefficient C1/2 becoming non-zero, as shown in Figure 2. The 2T solution path
can easily be followed in Figure 3(a). At point B, another period-doubling bifurcation is
encountered. The 2T solution branch experiences a loss of stability, and a stable, 4T
solution is born and the Fourier coefficient C1/4 becomes non-zero (Figure 2). At a slightly
larger increase in the applied load, the 4T solution encounters a period-doubling
bifurcation. Although it is not traced, an 8T solution would be born at this point. Thus,
a period-doubling sequence has been initiated that would eventually lead to chaotic motion
at a value in the neighborhood of F=0·205.

Continuing along the 4T path to point C, another period-doubling bifurcation point is
encountered. At this point, the period-doubling sequence which began at point B will have
reversed itself and the 8T branch will rejoin the 4T branch. At the horizontal asymptote
of the 4T branch at point C, the branch regains stability. As the solution branch continues
beyond point C, a change in stability is again encountered. Here, the Floquet multipliers
pass out of the unit circle along the positive real axis, indicating a change in the
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Figure 3. Selected details for the first order coefficinet, C1, of Figure 2: , Stable; – – –, unstable.

Figure 4. Phase-plane diagrams for selected values of the applied load. The period of response and locations
refer to the solution trajectories presented in Figures 2 and 3: (a) F=0·177, 1T, location A; (b) F=0·178, 2T
location B; (c) F=0·197, 4T, location C; (d) F=0·228323, 4T, location C; (e) F=0·2177, 4T, location D; (f)
F=0·2424, 4T, location E; (g) F=0·243, 2T, location E; (h) F=0·11646, 2T, location F; (i) F=0·1165, 4T,
location F; (j) F=0·0·21, chaotic; (k) F=0·24847, 4T, location G; (l) F=0·9668, 4T, location I; (m) F=0·97,
2T, location I; (n) F=0·99, 1T, location J; (o) F=1·15, 1T, location K; (p) F=2·0, 1T, location M.

configuration of the equilibrium solution. This can be evidenced by the phase-plane plots
in Figure 4.

At point D, another period-doubling cascade initiates as the 4T branch passes through
another region of stability at the horizontal asymptote. The period-doubling cascade
reverses itself, and rejoins the 4T branch at point E. At the horizontal asymptote of the
2T branch at point E, the 4T branch rejoins the 2T branch. This corresponds to the C1/4

coefficient going to zero, as seen in Figure 2. The 2T branch passes through a short range
of stability, then loses stability at a symmetry-breaking bifurcation. At point F, the 2T
solution again passes through a short region of stability. A period-doubling bifurcation
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Figure 4—continued.

is encountered, and a new 4T solution emerges. This is evidenced by the re-emergence of
the C1/4 coefficient (Figure 2). The 4T solution loses stability immediately, and a
period-doubling sequence leading to chaotic motion occurs again (Figure 4(j)). This
sequence rejoins the 4T branch at point G, where the 4T branch passes through stability
and another symmetry-breaking bifurcation. Another change in stability occurs at point
H, where the 4T branch passes through a short region of stability, and then passes through
another period-doubling cascade. This cascade reverses itself and rejoins the 4T solution
branch at point I, as shown in Figure 3(b). The 4T solution branch and 2T solution branch
are rejoined, and meet up with the asymmetric branch at point I. Note that the C1/2 and
C1/4 coefficients both go to zero in this region (Figure 2).

At point J in Figure 2, the symmetric and asymmetric period-one branches join for the
first time at a symmetry-breaking bifurcation, where stability passes from the asymmetric
solution (Figure 4(a)) to the symmetric solution (Figure 4(o)). The loss of the asymmetric
solution corresponds to the value of the C0 coefficient going to zero. Note that the motion
now encompasses all three equilibrium positions. At point K, a bifurcation point is again
encountered corresponding to a change in the stability configuration of the system.
Stability is regained at point L, at which the phase portrait now coincides with the typical
large amplitude response about all three equilibrium positions. At point M, a
symmetry-breaking bifurcation is encountered, and an asymmetric branch arises. C0 is
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Figure 4—continued.

again non-zero. This asymmetric branch passes through period-doubling bifurcations and
turning points. It is likely that some of these period-doubling bifurcations lead to
period-doubling cascades and chaotic motion. None of these solution paths were pursued
in this study. The characteristics of the solution paths described above are summarized in
Table 1.

T 1

Solution branch descriptions

Branch Period Stability Branch Period Stability

A–B 2T Q21 G–H 4T q1
B–C 4T Q−1 H–I 4T Q−1
C–D 4T q1 I–J 2T Q21
D–E 4T Q−1 J–K 1T Q21
E–F 2T q1 K–L 1T q1
F–G 4T Q−1 L–M 1T Q21
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Figure 5. A comparison of results of previous research with those of the current study. FM =Mel’nikov force
value; FO =observable chaos boundary; FP =nominal period-doubling force; FC =nominal chaos force. ,

Stable; – – –, unstable.

4. DISCUSSION

In comparing the results presented above with those of previous researchers, it is seen
that all of the dynamic responses reported in the earlier work have been represented in
this study as well. Both the stable periodic orbits about each of the static equilibrium
positions for low levels of applied loading, as well as the large amplitude response motion
about all three equilibrium positions, have been replicated. Additionally, all of the
period-doubling and chaotic responses reported by other researchers have been observed,
as shown in Figure 5. Since the harmonic balance technique allows for the discovery of
unstable as well as stable solutions, several new features of the dynamic response are
observed.

The nominal period-doubling force, FP =0·177, identified by Pezeshki and Dowell [5]
coincides with the first period-doubling bifurcation on the stable 1T solution branch at
point A in Figure 5. However, this is not the minimum load value for which a stable 2T
solution exists. As the 2T branch is traced, it is found to pass through a stable section at
F=0·1165, point F in Figure 5. The branch in this region is stable for a very small range
of the applied loading. The small range for which this 2T solution branch is stable would
make it very difficult to detect this solution with the use of numerical integration
techniques.

The results presented above allow for insight into the regions of applied loading in which
one would expect to find chaotic response. Following along a given solution path until
a period-doubling bifurcation occurs identifies a possible route to chaotic behavior.
Identification of all of the period-doubling bifurcation points along a given route aids in
determining where the period-doubled solutions begin and end. By then inspecting the 2T
solution branches for period-doubling bifurcations, and tracing the resulting 4T solution
paths, a complete picture of the ranges of applied loading likely to lead to chaotic response
is developed. Higher period-doubled solutions could be traced using the same technique.
However, the process becomes computationally expensive due to the large number of
Fourier coefficients that must be carried in the solution process. Additionally, the load
range over which the higher period solutions remain stable will continue to decrease,
making it quite difficult to find the period-doubling bifurcations on the next higher solution
branches. Thus, it is felt that the loss of stability at a period-doubling bifurcation of a 4T
solution branch indicates the possibility of the location of a period-doubling cascade.
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The lowest value of the applied load at which only chaotic response was observed by
Dowell and Pezeshki [4] was reported as FC =0·205. Indeed, this value corresponds to the
first range of the applied load at which no stable periodic solution was found. Additionally,
there is a 4T branch that goes through a period-doubling bifurcation at a load level just
below F=0·205, point B in Figure 5. Viewing the stability characteristics of the other 4T
solution branches in that range of applied load, it is evident that each of them have passed
through a period-doubling bifurcation. Thus, a strange attractor exists for this range of
applied loading. This phenomenon would be expected to be observable for load amplitudes
up to the range of F=0·97, where the period-doubling cascade is observed to reverse itself,
and superharmonic stable solutions are once again observed.

Since certain sets of initial conditions resulted in the observance of chaotic motion for
FO =0·13, Pezeshki and Dowell [5] had hypothesized the existence of a strange attractor
for that range of the applied load. This would coincide with the period-doubling sequence
initiating from the 2T solution branch at point F in Figure 5. That particular 4T solution
branch remains unstable over the range of 0·1165QFQ 0·24. Should a basin boundary
map be developed for this load range, it would be expected that the domain of attraction
of the chaotic solution would be quite small.

Finally, the load value for which the stable and unstable manifolds intersected was
predicted by the Mel’nikov criterion to be FM =0·1176. Based on the results shown above,
this appears to be a very accurate indicator of the onset of an interesting dynamic response.
This value of the applied load corresponds very closely to the minimum load value at which
a period-doubling route to chaos is observed. Additionally, the existence of the stable
superharmonic solutions at that load range explain the fractal behavior observed in the
basin boundary maps around the Mel’nikov force level. Since there are in fact more than
two stable, 1T limit cycle responses for this load range, the fractal behavior of the basin
boundary maps would be expected.

The dynamic buckling response is also easily observed using this type of analysis.
Although no range of the applied loading showed coexisting regions of stable amplitude
response about one equilibrium position and stable large amplitude response about all the
equilibrium positions, it is evident that the range over which neither of these solutions are
stable is quite small. Additionally, there is a short range of applied loading over which
there are two stable, symmetric large amplitude responses.

5. CONCLUSIONS

The harmonic balance technique coupled with the continuation scheme was able to track
the various branches of the solution to Duffing’s equation. With the use of Floquet
analysis, the stability characteristics of each of the branches were determined. Thus, a
complete picture of the solution trajectories for a range of applied loading was determined.
The importance of tracing the unstable solution trajectories was demonstrated by finding
previously undetected stable periodic and superharmonic solutions, as well as strange
attractors arising from period-doubling bifurcation points along these trajectories.

As predicted, the discrepancies between the predicted and observed load values for the
onset of chaotic response and the fractal behavior of the basin boundary maps is shown
to be the result of coexisting solution trajectories. For different ranges of the applied
loading, basins of attraction were found to simultaneously exist for periodic 1T responses
and superharmonic responses, for periodic 1T responses and chaotic responses, and for
pairs of periodic 1T responses. The existence of these basins of attraction are independent
of the initial conditions imparted to the system.
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In conclusion, the utilization of the harmonic balance technique coupled with a
continuation scheme and subsequent stability analysis is shown to be a very viable method
to use for the detection of superharmonic responses as well as chaotic attractors.
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